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Influence of buoyancy on drainage of a fractal porous medium
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The influence of stabilizing hydrostatic pressure gradients on the drainage of a fractal porous medium is
studied. The invasion process is treated with invasion percol@f®nn a gradient. Fractality is mimicked by
randomly closing bonds of a network. Two length scales govern the problem: the characteristic length of the
pore structurets and a length scalé, above which buoyancy determines the structure of the cluster. When
£s<&y the local structure of the invading cluster is governed by the interplay of capillarity and the fractal
properties of the pore space. Only parts of the backbone of the pore structure can be invaded. Therefore, the
obtained fractal dimension for small systeins &, is much lower(1.40 than the one for ordinary IPL.82).

On larger length scaleg; <L <§,, the fractality of the pore space is no longer important and the cluster grows
as in ordinary IP. WherL>¢,, gravity becomes important ang, scales with the bond numbd& as &

«B~ %% as in ordinary IP, while the fractal dimension becomes equal to the Euclidean one. jHen

gravity is already important on length scales where the fractality of the medium has to be considered too. On
small scales. <§&,, where only capillarity and fractality play a role the cluster structure is again characterized
by the fractal dimension of 1.40. On larger length scalgs:L <, gravity promotes a more efficient
invasion of the pore space and a different fractal dimension of 1.52 is found. The lengtt somdonger

follows ordinary IP scalingé B~ %% WhenL > & the fractal dimension of the invading cluster equals the
Euclidean one and,B~ %%

DOI: 10.1103/PhysReVvE.66.046301 PACS nunerd7.53+n, 47.55.Mh, 64.60.Ak

I. INTRODUCTION Two different developments were of great importance. First,
since the introduction of the invasion-percolatidiP)
Multiphase-flow phenomena in porous media play an im-scheme our understanding of the role of capillarity on the
portant role in many industrial and environmental processestructure of liquid clusters has greatly improvig+10]. In
[1]. The flow properties of an oil-water mixture through a IP a cluster grows by invading pores adjacent to the surface
specific porous rock determine the fraction of oil that can beof the cluster. In drainage, which is the phenomenon of in-
obtained from this rock. Drying processes influence the duterest in this paper, the pore with the lowest pressure thresh-
rability of construction materials. Moisture transport in soil old P=y/r is invaded(y andr are the surface tension and
is an important aspect of many agricultural issues. In althroat radius respectivelyThis means that the pore with the
these processes the geometry of the pore space is one of thdest throat is selected. Second, gradient percoldiip)
parameters that determines the transport properties. Gengt-1,12 has provided tools for studying the influence of pres-
ally, the porous medium cannot be regarded as homogeneosare gradients induced by buoyancy or viscous forces. By
below a certain length scal@] and the geometry of the pore combining these two techniques the influence of buoyancy
space may have fractal propert{gd. For instance, the pore and viscosity on the structure of invading clusters, and in
spaces of sandstones are fractal and are self-similar overparticular the width of the invasion front, could be studied
few orders of magnitude in length, varying from 10 A to 100[13-17. Recently, this has been generalized to situations
um [4]. The pore space of a widely used construction matewhere the pressure gradients act both in the direction parallel
rial such as concrete cannot be regarded to be homogeneoaisd perpendicular to the flow directi¢h8].
on length scales of the order of a few centimeters. Concrete As mentioned before, in the majority of these percolation
contains so-called aggregate particles, which are impermestudies, the porous medium is represented as a regular net-
able and range in size from 1Q0n up to 1 cm. In this study, work of pores(siteg connected by throatdonds. As a con-
we are interested in multiphase-flow phenomena on lengtBequence the characteristic lengthof the medium always
scales where the medium is not homogeneous anymore. equals the distance between two neighboring lattice pbints
The application of percolation models has improved ourHence, fractal pore structures or heterogeneities on length
knowledge of the microscopic origins of multiphase-flow scales larger than the average pore size cannot be accounted
phenomena such as drainage, imbibition, and dryBg7].  for. A way to mimic fractality in network models is by clos-
In the majority of these percolation studies, the porous meing randomly bonds or sites. The structure of the pore space
dium is represented as a regular network of poigtes s in this approach the same as the structure of a sample-
connected by throat&onds. The disorder of the system is spanning cluster in ordinary percolatié®P). This has been
mimicked by varying the sizes of the pores and the throatsdone in a few studies on invasion percolatid®,2Q and
will be done in this study too. It was found that the fractal
dimensionD of the invading cluster becomes dependent on
*Corresponding author. the upper length scale of intere&t, WhenL is larger than
FAX: ++31 40 244 5253. Email address: h.p.huinink@tue.nl the correlation lengtl§ the valueD = 1.8 is found for a two-
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dimensional2D) system[21], which is the value for IP with y vl 1
trapping already in nonfractal geometries. In the case where Qjj =rf+APgZi:|—(Tf+ BZ
L<¢&,, it was found that the value of the fractal dimension is N N
much smaller, caused by the fact that dead ends in the porowghere vy is the surface tensiomdp the density difference
system cannot be invaded. Another interesting way to genetetween the nw ana fluid (Ap=p,,—pw). d the gravity
ate long-range structured porous network with fractal propaccelerationy;; the radius of the throat between the sites
erties is by a fractional Brownian motiofiBM) [22-25. andj (Tij=r;; /1), z the height of the pore (z=z/l), and
This proves relevant for flow through fractured porous rockB is the bond number
as encountered in oil recovery. In contrast to the common )
fractal porous geometries studied in this paper, such rock EAng
formations may have long-range structural correlations that Y
increase with distance and that can be described by a so-

called Hurst exponerit. Above the cutoff length of the cor- which is the ratio of the typical buoyancy forces and capil-
relations (above &) normal IP behavior is found wittD lary forces on the pore level. It follows from E() that two

=1.8. Below this cutoff length the structure of the invading S:gggigt fsr‘gLrLattlr?gsbgﬁgrr?eo;jltiténguge]g;) \t/\r/]f;ezv\tlhﬁu%vvisﬂwd
cluster varies with the Hurst exponet The cluster struc- y

ture chanaes from fractal to compact. when Hhbecomes heavier than thev fluid (B>0) and(b) the opposite situation
larger theg 05 pact, (B<0). WhenB>0 sites with lowz; are preferentially in-

When th dium h | fractal st vaded and a stable front develops. This is called invasion
e€n the porous medium has a long-rangeé fractal SruCqq co|ation in a stabilizing gradient. When< 0 the nw fluid
ture, then fractality may play role on length scales wher

X i ) i epreferentially invades sites with hi@h and fingering occurs,
pressure gradients become important. In this particular studyyich is called invasion percolation in a destabilizing gradi-
we want to investigate the influence of gradients in the hynt Because we want to study invasion processes in a stabi-
drostatic pressuréouoyancy on the drainage of a 2D porous |izing gradient due to gravity, we limit the remainder of the
network with fractal properties. We limit ourselves to stabi- discussion td&3>0.

lizing gradients. Fractality is introduced by randomly closing

alfraction 1-p ofall bonds(QP). In Sec. Il we subsequently_ B. Regimes of length scales

discuss the model, the various existing regimes, and scaling . i ] .
results for these regimes. In Sec. Ill, results of IP simulations WO length scales will determine the behavior of the in-
will be presented to investigate some unknown features ofading cluster: the correlation length of the porous network,
the scaling results. Finally, in Sec. IV the conclusions areVhich in OP has a universal dependence on the fragtioh

d . _
rawn §S<x|p— pcl v (3)

and a length scale related with the influence gravity

: @

: @

Il. THEORY
A. Model £g=(BI 7. @

The pore space is mimicked by a square lattice with gricdHere v is the well-known correlation-length exponeti
spacingl. The nodes of the network represent the pores ane=4/3 in 2D) and u is the exponent of interest. For IP on a
the bonds represent the throats. We assume that the volumegular network it was found that= v/(v+1) [13]. For the
of the pore system is in the pores and the resistance resultsoment, we will assume that the general form of &j.also
from the throats. Fractality is generated by randomly closingholds for fractal porous networks. In Sec. I, we will prove
a fraction 1-p of all bonds. Sites that are not connectedthat this assumption is correct. It has to be remarked that the
with either the top or the bottom of the network via a stringscaling laws only have a meaning f>1 and ;>1. With
of open bonds are closed too, because they are consideredtte length scalek, & and &, a diagram can be constructed,
be a part of the solid matrix. Radiiare assigned to the open see Fig. 1, which makes clear that five different regimes
throats according to a distribution functiar{r). In this par-  exist: (i) invasion percolation in a fractal mediu(PF), (ii)
ticular study, we use a uniform distribution with an averageordinary invasion percolatiofiP), (iii) invasion percolation
radiusr and a width\. in a fractal medium in the presence of a gradigREG), (iv)

Initially all open sites are filled with the wettingv) fluid. ordinary invasion percolation in a gradiefiPG), and (v)

The nonwettingnw) fluid invades from the bottom and the invasion percolation in a very strong gradi€fRGs. These

w fluid escapes from the top. The invasion algorithm consistsegimes will be discussed below.

of two fundamental steps. First, all interface sites that can be (i) The lower left part of Fig. 1 is the regime where cap-
invaded are identified. These sites are the sites filled with illary effects dominate the displacement processes and the
fluid, which have neighboring sites filled with nw fluid and structure has to be regarded as fractak(s,£g). We will

do not belong to a trapped cluster. Second, the interface sitall this IPF. It is known that in this regime the underlying
with the lowest invasion potentid) is selected and invaded. structure of the pore network will influence the cluster struc-
The invasion potentia;; of an interface sité invaded from  ture [20,25. We expect that the madd of the invading

a sitej is cluster scales in this regime with a fractal dimensiop

046301-2



INFLUENCE OF BUOYANCY ON DRAINAGE OF A . .. PHYSICAL REVIEW E56, 046301 (2002

2- IPG E=¢ of the pore structur¢&<§g< L). Therefore, the invading
M~L¢ &7 cluster behaves as in ordinary IPG and a front will develop

IP: vy~ 1PGS: of which the widtho scales proportional t&,. The expo-

: ~B . . .

b §g M-~L° nentu is thereforev/(v+1), wh|ph is 4/7 in 20013,14. On '
M~L large length scales the cluster is not fractal anymore and its
w? §g~3w mass scales witld (the dimension of the system, which is
31 two in our casg

IPFG: (v) The last regime we have to discuss is the one repre-
IPF: M~ P sented by the lower triangle in the upper right part of the
M~LP £ ~B° diagram. In this regime fractality is not important on large
9 length scales. However, gravity is important on length scales
on which the medium has to be regarded as fracigk (s
0 1 ) 2 <L). We will call this IPGs. As in IPG a front develops. We
e expect that width of this front is of the order ¢f and that
9 the gradient only influences the finer details of the front. The

correlation lengthty will behave as in the IPFG regime. The
mass of the invading cluster will scale with the system di-
mensiond.

FIG. 1. A schematic overview of the different scaling regimes
for the massM of the nonwetting cluster. The solid lines are the
boundaries of the various regimes. In these regiMescales dif-
ferently with the system size. The correlation lengtlg, scales
differently with the bond numbeB. C. Scaling relations

considerably lower than in standard IP. Beforehand we know Figure 1 suggests that it should be possible to find a scal-

that its value will be in between the fractal dimensions of the'"9 relation for the mass of the invading cluster, which

minimal path and the backbone of the porous fractal net-ShOUId have the fallowing form:

work, D ,in<Dy<D,, and therefore 1.1:83D;<1.62 in 2D 1 L L

[26,27], because the nw fluid can only invade the backbone M (—,— —, —),

sites of the pore space and twefluid will be trapped in the &' &s & &s

dead ends. It is already known from simulations that for . . . .

fractal structures created via site percolatidg=1.37[20]. wh_ereA IS a cons_tant anﬁ_the scaling func_tlon. By combi-
(ii) The upper left part of the diagram is the regime wher nation of the scaling relations shown |n_F|g. 1 and us@f@g

fractality is not important anymore, but the displacements are_ L.’ &g=L, anq §§= & at thg boundaries of the various

still dominated by capillary effectsé(<L<¢g). On larger regimes(the solid line3, we arrive at

length scales the structure of the invading cluster behaves as D-D,

in standard IP andD =1.82[21]; the latter value has been xd-Do X) LX<y

found for fractal structures generated via site percolation D X

[20]. This crossover to standard IP with trapping was also M=AL"0 x| Pinf~Do ©®)

found for IP on lattices generated with fBM. Below the cor- yd_DO(—) X>Y,

relation length(cutoff length the structure of the invading y

cluster strongly depends on the underlying structure of th(\a/vhere

lattice; but on length scales larger than the cutoff length the

invading cluster is characterized by a fractal dimendibn [

= ALDof (5)

—1.82[25]. e

L/&g, L L/&s, &<L
b0 £6< :[ b &L

(iii) The lower right part of diagramg,<L<£s, corre- 1, &=L 1, &>L.

sponds to IPFG. Gravity significantly influences the dis-

placements process. The structure of the medium has still té follows from Eq. (7) that x<y refers to IP €,>L) and

be regarded as fractal. We expect that the value of the fractdPG (§,<L) regimes, wherg<¢, (see Fig. 1 In this par-
dimensionD;; will be in between the values for the IPF ticular case gravity does not play a role on length scales at
cluster and the backbone of the pore spa@,<D;; Which the fractal properties of the medium have to be taken
<Dy). As in the IPF regime the invading cluster will only into account. Wherx>y, which means that the system is
grow in the backbone of the porous structure, but in a moreither in the IPFG {;>L) or IPFs ;<L) regime
efficient way than in the absence of gradients. Another inter=>¢£g), the influence of gravity cannot be neglected on length
esting point of this regime is the behavior of the correlationscales where the fractal properties of the medium have to be
length &;. We assume that in this regime E@) applies, considered explicitly. This becomes visible in E6) by the

which will prove to be correct in Sec. lll. In that section we entering of the fractal dimensioD;;. The pointx=y=1
also calculate the value @f in this regime and show that the corresponds with the IPF regime.
value w for the exponenu satisfiesu=w# v/(v+1). From our discussion of Fig. 1, it follows that the regimes

(iv) The upper triangle in the upper right part of Fig. 1 is IPF and IPFG £s>L) are the unknown and therefore inter-
the regime where gravity only influences the invasion pro-esting parts of the phase diagram. For these particular re-
cess on length scales much larger than the correlation lengtsimes formula(6) can be written as
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b (LB#)Pin=Do, £ <L (IPFG)
M=A'L 1 £>L (PP, (8

whereA’ is a constant and E@4) is used. Wherg,<L, the
mass of the invading cluster depends on the bond nuBber 5 0.11
BecauseD <D, and x>0, it follows from Eq.(8) that the s‘
mass of the invading cluster increases vBthSo, as in IPG,

gravity in this regime promotes a more efficient invasion of

the pore structure by the nw fluid. The question still is to
what extent this effect is modified by the fractality of the

pore network.

10 100
L

) . ) ) FIG. 2. The saturation of the system by the invading cluster of
In the preceding section, we have discussed scaling folny fluid, ML~9 The upper solid line B=100, ML ¢

mulas that describe the influences of gravity and of the fracs| 04810005 gnq the dashed lineB=0, ML ~doc | ~0-603=0.004
tality of the pore space on the structure of the invading clusare fitting results. All solid lines obey the same scaling law.

ter. However, the discussion of the IPF and IPFG is far from

conclusive. First, it is assumed that on length scales smallglimension. As expected, we have found tHat,,<Dq
than&, the invading cluster has a fractal structure and can be~Dint<Dp,. That Diy<Dy, can be understood as follows.
described with two fractal dimension®, (B=0) andD;,, ~ Consider a loop consisting of two sgmgs;nd\] of sites and
(B=). Second, we have assumed that the crossover frofdonds that have maximum heiga&™'<z®*, see Fig. 4. At
B=0 to B= behavior can be described in the same way a$ =2 Poth strings are invaded such that mwinterfaces in
it is done for¢,> &, by one length scalé, [Eq. (4)]. Third, thesg strlngs. are always f':\t the same height. Therefore, the
the values of the introduced exponefts, D;,, andu are ~ Maximum height reached in both strings always equgfs.
unknown. In this section, we want to address these issues HyS @ consequence fluid is trapped in that part of string
discussing IP simulations. lying between the point where=z""" and the point wheré

Simulations have been performed according to the modetndJ come together, and the mass of the nw cluster is re-

described in Sec. Il A. All calculations are done on squar ced._ . . . .
lattices ofL x 2L. Periodic boundary conditions are used for _ " ©OF intermediate values & two different scaling regimes

the long sides (R) of the network. Properties are always can .|nd.ee<_:i pe d|St||ng|§hed, as proposed in the _pr(_acedlng

. section; this is seen in Fig. 2. For smhalkll curves coincide

calculated in the centrdl X L part of the system to exclude Do This indicates that v h infl

boundary effects. To avoid unnecessary computations, a ndMecL 7. This in icates that gravity has no influence on
. . — - e structure of the invading cluster on such length scales.

simulations are done t=p, and therefor;=L. We have Above a certain value df (= ¢,) the cluster grows as in the
distributed the throat radii according to a uniform distribu- 9 9

tion that has a width\/=0.2 and an average radiugl

=0.15. Every data point is an average of about 300 realiza-

tions.

First, we have calculated the mass of the invading cluster 1y
in the central region as a function of the system sizeBor
=[0,100. In Fig. 2 we have plotted the mass per unit “vol-
ume,” i.e., the saturatioML "9 as a function ofL for B
=0, 0.01, 0.1, and 100. By fitting the data points correspond-
ing with B=0 (dashed ling and B= 100 (upper solid ling, I
we have obtainedD,=1.397+-0.004 and D;;=1.519
+0.005. The value oDy, is close to the value obtained in
calculations where site percolation is used to introduce frac-
tality in the medium[20]. To clarify the different scaling
behavior of the two situation®8=0 andB=100, we have
visualized both the nw phase andphase for & =100 sys-
tem, see Fig. 3. It can be seen that both the degree of branch-
ing becomes higher and the branches grow longer when
gravity becomes important on the length scale of interest. F|G. 3. The invading cluster at breakthrough inlas 100 sys-
This indicates that the loops in the backbone of the por@em:(a) B=0 and(b) B=100. In this picture | refers to pores filled
space are invaded more efficiently in the presence of preswith nw fluid, Il to pores filled with nontrappe fluid, Il to pores
sure gradients due to gravity, resulting in a higher fractathat contain trapped fluid, and IV to the solid phase.

IIl. IP SIMULATIONS
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0.01 1 100 10000
LB

FIG. 4. The invasion of a loop by a nw fluid in the presence of
a strong buoyancy forc&8=cc. The arrows mark the flow direc- FIG. 6. The scaling function for the mass in the regime
tion. Because a fraction of thefluid is trapped in the upper part of £,<é;.
the loop, the fractal dimension of the nw cluster will be lower than

the fractal dimension of the backbone of the pore space. saturates at the lowest possible value: the grid spacig

can conclude that Fig. 6 proves that the system indeed obeys
caseB=c, Mx=LPinf, In principle, it is possible to check the scaling in the form of Eq(8).
validity of Eq. (4) and find the value of the exponept
directly by plotting the crossover length as a functionBof
However, for reasons of accuracy we choose a different ap- I[V. CONCLUSIONS

i ~Dinf i
proach. In Fig. 5, we have plotted L as a function of We have studied drainage of a fractal porous medium in

B. By using Eq.(8) and fitting thel. =200 data forB the presence of a stabilizing hydrostatic pressure gradient.

=[0.01,3], we obtain x=0.69+0.01. This figure proves . .
that the assumption made in Sec. Il, to derive scaling formu:rhree different length scales govern the problem: the system

las, that the expressid@) also holds for§;<¢s, is correct. Is;‘elt_l% ?:aférrgféfg\lmg;h Or;t;]f %%rtcéﬁmgg'g]% ;?Sc?ure
Furthermore, we can conclude that fractality significantly g g 9 y

i . . of the fluid cluster.
modifies the value ofu. The background of this particular .
value is unclear to us, because we have not been able to When {;<£y, the large-scale (> £;) behavior of the

derive Eq.(3) from microscopic arguments for the situation nonwetting liquid clust_er S the same as In the case of ordi-
nary invasion percolation in a gradietwith trapping: M
Eg=&s- b . , « 182 and £,B~ %% Gravity then does not play a role in
Finally, we have plotted1L" " as a function oL B in length scale% where .the fractality of the medium does play a
Fig. 6 for a variety of values of andB. We have used the rolegand vice versa. Deviations ir}:the mass-size scalin poc)éur
previously found value®,=1.40 andu=0.69. Most of the n small lenath scélesl_(<§) where the interolay of cga i
data points collapse on one single master curve. Deviatio 9 s piay P

occur for high values of B#, where the correlation length Mary forces and the fractality of the pore space is important.
' In this regime, we have obtained for the nonwetting cluster a

fractal dimensiorDy=1.40, which is caused by the fact that

g § the dead ends of the pore space cannot be invaded by the nw
fluid.
14 In the case thats> ¢ gravity is already important on
2 length scales where the fractality of the medium has to be
- g =30 taken into account. At very small Iength scal¢s<(§g) the _
b A L=40 growth of the invading cluster can again be described with
" o oo S D,. However, on larger length scales* &;) a larger fractal
= 2 N * L=100 dimension has been foun@,;,;=1.52. Gravity promotes a
°© oo Z tf;gg more efficient invasion of the backbone of the pore space.
e e _ The correlation length now scales &s<B~ %% More work
gy g% has to be done, to understand the value of the expguémt
i » this regime.
10 10 0.01 1 100
B
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